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THE WITTEN-RESHETIKHIN-TURAEV INVARIANTS OF
FINITE ORDER MAPPING TORI I.
JØRGEN ELLEGAARD ANDERSEN
Abstract. We formulate the Asymptotic Expansion Conjecture for theWitten-
Reshetikhin-Turaev quantum invariants of closed oriented three manifolds. For
finite order mapping tori, we study these quantum invariants via the geomet-
ric gauge theory approach to the corresponding quantum representations and
prove, using a version of the Lefschetz-Riemann-Roch Theorem due to Baum,
Fulton, MacPherson & Quart, that the quantum invariants can be expressed
as a sum over the components of the moduli space of flat connections on the
mapping torus. Moreover, we show that the term corresponding to a com-
ponent is a polynomial in the level k, weighted by a complex phase, which
is k times the Chern-Simons invariant corresponding to the component. We
express the coefficients of these polynomials in terms of cohomological pairings
on the fixed point set of the moduli space of flat connections on the surface.
We explicitly describe the fixed point set in terms of moduli spaces of the
quotient orbifold Riemann surface and for the smooth components we express
the aforementioned coefficients in terms of the known generators of the coho-
mology ring. We provide an explicit formula in terms of the Seifert invariants
of the mapping torus for the contributions from each of the smooth compo-
nents. We further establish that the Asymptotic Expansion Conjecture and
the Growth Rate Conjecture for these finite order mapping tori.
1. Introduction
In this paper we shall describe how the Witten-Reshetikhin-Turaev quantum
invariants of an interesting class of 3-manifolds can be computed using the rigorous
geometric approach. By Z
(k)
G we will denote the Reshetikhin-Turaev TQFT at level
k for the semisimple, simply connected Lie group G. For the construction of this
TQFT please see [56], [57], [65], [66] and [42].
From general path integral techniques (see e.g. [69], [33], [41], [58], [59], [45],
[46], [47]) we expect that the Witten-Reshetikhin-Turaev invariants will have a
asymptotic expansion in the level of the theory. There are a number of formulations
of this expectation in the literature, which expresses this as a sum over flat G-
connections on the three manifold. These formulations come naturally from path
integrals, however this expresses the asymptotics in terms of sum of terms which
can not be uniquely recovered from the asymptotic expansion, e.g. sums over
flat G-connections. Let us here state a very precise version of this Conjecture,
which also appeared in [1] for a general oriented compact three manifold X . It has
This paper is an update version of our preprint ”The Witten Invariant of Finite Order Mapping
Tori I.”, Aarhus University, Department of Mathematical Sciences, Preprint series 1995, No. 13.
Supported in part by NSF grant DMS-93-09653, while the author was visiting University of
California, Berkeley.
Supported in part by the center of excellence grant ”Center for quantum geometry of Moduli
Spaces” from the Danish National Research Foundation.
1
2 JØRGEN ELLEGAARD ANDERSEN
the property that each term in the expansion can be uniquely recovered from the
quantum invariant Z
(k)
G (X).
Conjecture 1.1 (Asymptotic Expansion Conjecture (AEC)). There exist constants
(depending on X) dj ∈
1
2Z and bj ∈ C for j = 0, 1, . . . , n and a
l
j ∈ C for j =
0, 1, . . . , n, l = 1, 2, . . . such that the asymptotic expansion of Z
(k)
G (X) in the limit
k →∞ is given by
Z
(k)
G (X) ∼
n∑
j=0
e2πikqjkdjbj
(
1 +
∞∑
l=1
aljk
−l/2
)
,
where q0 = 0, q1, . . . qn are the finitely many different values of the Chern–Simons
functional on the space of flat G–connections on X.
Here ∼ means asymptotic expansion in the Poincare´ sense, which means the
following: Let
d = max{d0, . . . , dn}.
Then for any non-negative integer L, there is a cL ∈ R such that∣∣∣∣∣∣Z(k)G (X)−
n∑
j=0
e2πikqjkdjbj
(
1 +
L∑
l=0
aljk
−l/2
)∣∣∣∣∣∣ ≤ cLkd−(L+1)/2
for all levels k. Of course such a condition only puts limits on the large k behavior
of Z
(k)
G (X).
This expansion tends to organize more beautiful if one expands in the parameter
r = k + h, where h is the dual Coexeter number of the group. This is discussed in
a number of the references provided below. We comment further on this below.
A little simple argument shows that there exists at most one list of numbers
n ∈ {0, 1, . . .}, q0, q1, . . . , qn ∈ R ∩ [0, 1[, dj ∈
1
2Z and bj ∈ C for j = 0, 1, . . . , n
and alj ∈ C for j = 0, 1, . . . , n, l = 1, 2, . . . such that 0 = q0 < q1 < . . . < qn
and such that the large k asymptotic expansion of Z
(k)
G (X) is given as above. This
implies that if the quantum invariant Z
(k)
G (X) has an asymptotic expansion of the
above form, then qj ’s, dj ’s, bj ’s and a
l
j ’s are all uniquely determined by Z
(k)
G (X),
hence they are also topological invariants of X . As stated above the AEC already
includes the claim that the qj ’s are the Chern–Simons invariants. There are also
conjectured topological formulae for the dj ’s, and bj’s (see e.g. the above given
references). Let us here just recall the conjectured formula for the dj ’s.
For a flat G–connection A on the 3–manifold X , denote by hiA the dimension of
the i′th A-twisted cohomology groups of X with Lie algebra coefficients.
Conjecture 1.2 (Growth Rate Conjecture). Let M(j) be the union of components
of the moduli space of flat G–connections on X which has Chern–Simons value qj.
Then
dj =
1
2
max
A∈M(j)
(
h1A − h
0
A
)
,
where max here means the maximum value h1A−h
0
A attains on a Zariski open subset
of M(j).
One expects that there are expressions for each of the alj ’s in terms of sums over
Feynman diagrams of certain contributions determined by the Feynman rules of
QUANTUM INVARIANTS OF FINITE ORDER MAPPING TORI I. 3
the Chern–Simons theory. This has not yet been worked out in general, except
in the case of an acyclic flat connection and the case of a smooth non-degenerate
component of the moduli space of flat connections by Axelrod and Singer, cf. [15],
[16], [17]. See also the work of Marino [47] and references therein. In the end of
this introduction we will provide some references to results, which establishes the
above two Conjectures in various cases.
The AEC, Conjecture 1.1, however offers in a sense a converse point of view,
where one seeks to derive the final output of perturbation theory after all cancel-
lations have been made (i.e. collect all terms with the same Chern–Simons value
and same power of k). This seems actually rather reasonable in this case, since the
exact invariant is known explicitly.
In this paper we consider the three manifolds which are mapping tori. Let us
now recall a formula for the quantum invariants of such.
The Witten-Reshetikhin-Turaev TQFT provide representations of central exten-
sions of mapping class groups (see also [48]): Suppose Σ is a closed oriented surface
of genus g and let Γ be the mapping class group of Σ. Choose a Lagrangian sub-
space L of H1(Σ,R). We denote by Γr the rigged mapping class group of (Σ, L),
as constructed in [65] and [67] (see also Section 2). Recall that Γr is a Z-central
extension of Γ. The TQFT Z
(k)
G assigns a vector space to the pair (Σ, L), which we
simply denote Z
(k)
G (Σ), and a representation
Z
(k)
G : Γr → Aut(Z
(k)
G (Σ)).
Suppose f is an orientation preserving diffeomorphism of a closed surface Σ. We
can then form the mapping torus of f :
Σf = (Σ× R)/Z,
where p ∈ Z acts by p(x, t) = (f−p(x), t + p) for all (x, t) ∈ Σ × R. The product
orientation on Σ× R induces an orientation on Σf . We will review how the choice
of a 2-framing of Σf gives an element in the central extension of the mapping
class group. Hence, if we use the Atiyah 2-framing of Σf , we get an element f˜ of
this central extension. This will be explained in details in Section 2 and 3. The
axioms for a TQFT imply that the Witten-Reshetikhin-Turaev quantum invariant
Z
(k)
G (Σf ) is given by:
Z
(k)
G (Σf ) = Tr(Z
(k)
G (f˜) : Z
(k)
G (Σ)→ Z
(k)
G (Σ)).
We thus see that the character contains the information about theWitten-Reshetikhin-
Turaev quantum invariants of an interesting class of 3-manifolds.
In this paper we will use the gauge theory construction of the quantum repre-
sentations Z
(k)
G of the mapping class group as we did in [2, 6]. We establish in the
series of papers [4, 5, 8] together with [12] in preparation joint with Kenji Ueno,
that the gauge theory construction of the quantum invariants for G = SU(n) co-
incides with the ones first constructed by Reshetikhin-Turaev in [56, 57, 65, 66] or
equivalently by Blanchet-Habegger-Masbaum-Vogel in [25, 26, 24]. We stress that
the results presented in this paper is however independent of this result, since we
work entirely on the gauge theory side and only with the gauge theory definition
of the quantum representations.
Let us recall the gauge theory construction of the vector space Z
(k)
G (Σ). One
applies geometric quantization to the moduli space of flat G-connections on the
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surface Σ, so as to obtain a vector bundle Z (we suppress the dependence of the
Lie group G and the level k) with a flat connection over Teichmu¨ller space T . We
denote the space of covariant constant sections of this bundle by Z
(k)
G (Σ). Moreover
Γr acts on Z and preserves the connection, so we get a representation
Z
(k)
G : Γr → Aut(Z
(k)
G (Σ)).
We observe that if f is finite order in the mapping class group, then it preserves a
point σ in Teichmu¨ller space and
Z
(k)
G (Σf ) := TrZ
(k)
G (f˜) = Tr(f˜ : Zσ → Zσ).
In Section 2 we shall explain in detail how Z is constructed. The outline of
the construction is as follows. Pick a compact simple simply-connected Lie group
G with a suitable normalized biinvariant inner product. Let M be the moduli
space of flat G connections on Σ. This is a stratified symplectic space on which
the mapping class group acts. For a σ ∈ T , consider the moduli space Mσ of
semi-stable GC bundles over Σσ. One can identify M andMσ as stratified spaces,
but the moduli space Mσ further has the structure of a normal projective variety.
There is a natural construction of the determinant line bundle Lσ overMσ whose
first Chern class is represented by the Ka¨hler form onMσ. We consider the vector
bundle Zˆ over T , whose fiber over σ ∈ T is
Zˆσ = H
0(Mσ,L
k
σ).
As will be explained in Section 2, there is a natural lift of the action of the
mapping class group Γ to the family of line bundles Lσ, σ ∈ T . Thus we see there
is a natural action of Γ on Zˆ. By the results of S. Axelrod, S. Della Pietra & Witten
[14], N. Hitchin [40] and G. Faltings [31] the bundle Zˆ has a natural mapping class
group invariant connection, which is projectively flat. Since this connection is not
flat, this bundle needs to be modified by a line bundle with a suitable connection.
Let LD be the determinant bundle over Teichmu¨ller space. Let ζ ∈ Q be the central
change for G (see formula (3) below). As it is described in [67] on can construct
any fractional power of LD over T and the rigged mapping class group Γr naturally
acts on it. By definition, the fiber over σ of the above mentioned vector bundle Z,
is
(1) Zσ = H
0(Mσ,L
k
σ)⊗ L
− 12 ζ
D,σ .
As it was discussed in [5], Γr acts naturally on the line bundle L
− 12 ζ
D .
We will throughout the rest of the introduction on assume that our mapping
class f is finite order and that f˜ is a lift of it to Γr. Then f preserves a point σ in
T and we get that
(2) TrZ
(k)
G (f˜) = Tr(f : H
0(Mσ,L
k
σ)→ H
0(Mσ,L
k
σ))Tr(f˜ : L
− 12 ζ
D,σ → L
− 12 ζ
D,σ ).
Let us introduce the following notation
τ
(k)
G (f) = Tr(f : H
0(Mσ,L
k
σ)→ H
0(Mσ,L
k
σ))
and
Det(f)−
1
2 ζ = Tr(f˜ : L
− 12 ζ
D,σ → L
− 12 ζ
D,σ ),
thus we have that
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Z
(k)
G (Σf ) = Det(f)
− 12 ζτ
(k)
G (f).
The framing correction Det(f)−
1
2 ζ is calculated in Theorem 5.1 in Section 5.
Formula (5) below expresses the framing correction term as a function of m and
the Seifert invariants of Σf as an explicit power series 1/k. It is remarkable that the
Atiyah 2-framing choice is precisely such that the expression for this term simplifies
substantially.
It is the factor τ
(k)
G (f) which is by far the most interesting. By general theory
one can show that the higher cohomology groups of the line bundle Lkσ vanish. This
means we are exactly in the situation, where we can apply the Lefschetz-Riemann-
Roch Theorem for finite automorphism of projective varieties due to Baum, Fulton,
MacPherson & Quart. That means we get an expression for τ
(k)
G (f), as a sum over
the components of the fixed point set of the automorphism induced by f on Mσ.
(See Section 6.)
The upshot of this calculation is a formula for τ
(k)
G (f) of any finite order diffeo-
morphism1, which is expressed as a sum over the components of the fixed point set
|Mσ| of f on Mσ. Let us denote the set of components C. For each c ∈ C, we let
|Mσ|c be the component subset of |Mσ|. We will see that the contribution from
|Mσ|c is a root of unity to the power k multiplied by a polynomial in k, say Pc,
where each of the coefficients of Pc are expressed as certain cohomological pairings
on the fixed point set (see Section 8). The degree of Pc we denote dc.
By understanding the relation between the moduli space of flat connections on
the mapping torus and the fixed point set of f on Mσ (see Section 7), we can
identify the contribution from the different components of the moduli space of flat
connection on the mapping torus. In fact, suppose M(Σf ) is the moduli space of
flat G-connections. We get a map from M(Σf ) to |Mσ| by restriction to Σ× {0},
which of course takes components to components. Let M(Σf )c be the union of
components of M(Σf ) which maps to |Mσ|c.
The term in the sum corresponding to c is given as the exponential of 2πik times
the Chern-Simons invariant CS(Σf , c) corresponding to the collection of compo-
nents M(Σf )c (we will see by Lemma 7.1 that the Chern-Simons invariant only
depends on c) multiplied by Pc(k).
We thus see that every component of the moduli space of flat connections on Σf
only contributes finitely many loop corrections to the invariant, modulo of course
the framing term Det(f)−
1
2 ζ . The framing term gives an over all common factor,
which is a power series 1/k given explicitly in formula (5) below.
See Theorem 8.2 for a detailed statement of the result. Let us here summarize
our main result in the following Theorem
Theorem 1.1. The AEC holds for all finite order mapping tori. In particular
for a finite order mapping class f , the Witten-Reshetikhin-Turaev invariant of the
mapping torus Σf is given as the following finite sum
Z
(k)
G (Σf ) = Det(f)
− 12 ζ
∑
c∈C
exp(2πikCS(Σf , c))k
dcPc(k
−1),
1Recall that a Seifert fibred manifold is a mapping torus of a finite order diffeomorphism iff
it has zero S.F.-Euler number, hence we get a large class of the Seifert fibred spaces from finite
order elements of the mapping class group. See Section 4.
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where Det(f)−
1
2 ζ is the power series in 1/k given by formula (5) below and the
polynomial Pc is of order dc and each of its coefficients are expressed as certain
intersection numbers on the component |Mσ|c of the fixed point set |Mσ| as stated
in Theorem 8.2 below.
By further analyzing dimensions of twisted cohomology groups (see Lemma 7.2),
we get the following Theorem
Theorem 1.2. For each of the connected components c ∈ C we get that
dc =
1
2
max
A∈M(Σf )c
(
h1A − h
0
A
)
,
where max here means the maximum value h1A−h
0
A attaines on a Zariski open subset
of M(Σf )c, hence the Growth Rate Conjecture holds for finite order mapping tori.
Remark 1.1. The fact that one really needs the generic maximum in formula (9)
is illustrated by the following simple example. If one considers the mapping torus of
−Id : T 2 → T 2, then it is easily seen that Z(T 2−Id) = Z(T
2 × S1) = k + 1, however
an explicit calculation in this particular case shows that the moduli space of flat
SU(2) connections on T 2−Id is connected and the maximal value of
1
2 (h
1
A − h
0
A) is
2, but that the generic maximum is 1 as it should be.
For each smooth component we express the coefficient in terms of known gener-
ators of the cohomology ring of that component of the moduli space of flat connec-
tions on the mapping torus. The result is precisely stated in Theorem 8.3. From
the explicit expression obtained, we observe that the contribution from the smooth
components of the moduli space only depends on m and the Seifert invariants of
the mapping torus.
Throughout this paper, an attempt has been made to emphasize the use of flat
bundles as opposed to semi-stable parabolic bundles in order to keep the connection
with flat bundles on the mapping torus more transparent.
The asymptotic expansion of the Witten-Reshetikhin-Turaev quantum invariants
has been studied by a number of authors and various results has been obtained for
certain classes of closed three manifolds. Let us here comment on the works which
are closest in relation to our work.
Freed and Gompf did some computer calculations of the asymptotics of the
Witten-Reshetikhin-Turaev-invariants for lens spaces and certain Seifert fibered
spaces in [33] providing evidence for a relation between the quantum invariants and
classical Chern-Simons gauge theory invariants, which are proved in this paper for
finite order mapping tori of surfaces of genus at least 2.
In [34] Garoufalidis considered lens spaces and verified the AEC for these. He
also did some calculations for certain Seifert fibered homology spheres. In [41] Jef-
frey also consider the case of lens spaces and gave a proof of the AEC for these. In
the same paper she further considered certain (not including the finite order ones)
mapping tori of genus one surfaces and she verified the leading order asymptotic
behavior of the quantum invariants for these. Rozansky studied in [58] the asymp-
totic expansion of the quantum invariants for Seifert fibered manifolds. However
his approach in that paper did not apply to the Seifert fibered manifolds consid-
ered in this paper, since he needed to assume that the orbifold Euler characteristic
was non-vanishing, which is not satisfied for mapping tori of finite order. The
same remark applied to his subsequent work joint with Ruth Lawrence [45] and
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her work joint with D. Zagier [46] dedicated to the study of quantum invariants.
Rozansky did study the asymptotic expansion of the quantum invariants for SU(2)
for all Seifert fibered spaces over orientable surfaces in [59]. Rozansky starts with
the combinatorial formulae for the Witten-Reshetikhin-Turaev invariants for these
manifolds, but it is unclear to us to what extend the calculations presented in that
paper are entirely rigorous. Furthermore, that paper only claims to get an asymp-
totic expansion in the level of the quantum invariants. Our results are exact results
with no asymptotic approximation needed, since we show that the expansion is
finite (modulo the framing correction term, which is provided explicitly). However,
in Section 5 of that paper, Rozansky does state formulae for contributions to the
asymptotic expansions of the quantum invariants, which he attributes to certain
connected smooth components of the moduli space of flat SU(2)-connections. He
further states expressions for these contributions in terms of intersection pairings
on these moduli spaces. Hence his formulae shares a formal resemblance to ours.
We have however not been able to reconcile our formulae with his completely and
it does seem non-trivial to match these formulae up. Nevertheless if we consider
Rozansky’s expressions (5.20) (H=0) in Proposition 5.3 in [59] it shares some formal
resemblance to our formula in Theorem 8.3 in this paper, when we keep in mind
that the Td-class is the Aˆ-class multiplied by exp(12c1), which of course is related
to the level shift k 7→ k + h as mentioned above. It would indeed be interesting to
establish the equivalence of the two expressions for smooth components.
In [47], Marino relates the asymptotics of quantum invariants of Homology sphere
Seifert fibered spaces to asymptotics of matrix models. As of now, there is no direct
overlap between Marino’s work and this paper since none of the mapping tori are
homology spheres. It would however be very interesting to understand if Marino’s
work can be generalized to our setting.
In [36] Hansen investigated the asymptotic expansion of all Seifert fibered spaces
and the existence of such was proved for this class of manifolds in [39]. This work
was further extended in [37] and [38] joint with Takata. In this paper, we give
however a formula for the full expansion in terms of cohomology pairings on the
moduli space, something which is not covered by the works of Hansen nor his work
joint with Takata.
In [20] Beasley and Witten considered the path integral formula for these quan-
tum invariants. Since they are working with path integrals, their work is per se
not rigorous, however they provide path integral arguments for the fact that the
perturbation expansion of these invariants are finite (modulo the framing correction
term). We provide a mathematical proof of that in this paper.
In [11], the author has jointly with B. Himpel applied the results of this paper
to identify the leading order in the asymptotics of the quantum invariants entirely
in terms of classical topological invariants of the mapping torus. That paper es-
tablishes, as an application of the results of this paper, that the leading order
asymptotics of the quantum invariants of finite order mapping tori is given as pre-
dicted by path integral considerations originally due to Witten [69], and elaborated
upon in [33], [41], [58], [59], [45], [46], [47].
The author would like to thank Simon K. Donaldson, Gregor Masbaum, Michael
Thaddeus and Kevin Walker for very useful discussion on this project. Most of
this work was done at the Department of Mathematics, University of California,
Berkeley and the author would like to thank the Department for its hospitality.
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2. The gauge theory construction of the functor Z
(k)
G .
We shall in this Section briefly review the geometric gauge theory construction
of a functor Z
(k)
G from the category of closed rigged surfaces of genus g > 1 to the
category of finite dimensional complex vector spaces. This construction is due to
S. Axelrod, S. Della Pietra & E. Witten; G. Segal; M. Atiyah; N. Hitchin; A.A.
Beilinson & D. Kazhdan; A.A. Beilinson & V.V. Schechtman; A. Tsuchyia, K. Ueno
& Y. Yamada; S. E. Cappell, R. Lee & E. Y. Miller; G. Faltings (See [40], [14], [60],
[22], [23], [63], [27] and [31]).
As briefly outlined in the introduction, the functor Z
(k)
G is constructed by ap-
plying the machinery of geometric Ka¨hler quantization to the moduli space of flat
connections in some principal bundle over the surface. So we need to construct
a Hermitian line bundle with connection over this moduli space, and a lift of the
action of the mapping class group to this bundle. This construction for SU(2) is
due to Ramadas, Weitsman and Singer (see [54]). We refer to D. Freed (see [32])
for the construction in the general case. Let us here just recall the choices involved.
Let G be a simple and simply-connected compact Lie group. Under these as-
sumptions any principal G-bundle over a compact surface is trivial. Choose an
invariant inner product2 〈·, ·〉 on the Lie algebra of G. Let Σ be an oriented closed
surface. Let AP be the space of connections in the trivial principal G-bundle P
over Σ. Let M be the moduli space of flat G-connections in P . If M′ denotes the
subset of M corresponding to equivalence classes of irreducible connections, then
M′ is a smooth symplectic manifold with the symplectic structure induced from
that on AP by symplectic reduction. We have a natural action of Γ onM induced
by pull back. In this situation Freed describes in [32], how one constructs a smooth
Hermitian line bundle with a connection L′ overM′. He further describes how the
construction can be extended to produce a topological line bundle L overM, with
a natural lift of the Γ-action. One immediately observes that this natural action
has the property that any mapping class acts by the identity over the trivial flat
connection.
We now need a Ka¨hler polarization on M. Suppose we are given a complex
structure on Σ, i.e. a point σ in Teichmu¨ller space T of Σ. By a Theorem of
RamanathanM is isomorphic to the moduli spaceMσ of semi-stable holomorphic
GC-bundles over Σσ, and as such has the structure of a complex projective algebraic
variety (See Theorem 7.1 in [55]. This Theorem was first proved in the SU(N)-case
by Narashimhan and Seshadri. See [49].).
Using the Hermitian connection in L′, we get a unique holomorphic structure
on L′ over the complex manifold M′. We denote the resulting holomorphic line
bundle L′σ. In [30], Drezet and Narasimhan proved that the restriction map
|M′σ : Pic(Mσ)→ Pic(M
′
σ)
is an isomorphism, hence there is a unique holomorphic line bundle Lσ over Mσ
such that Lσ|M′σ
∼= L′σ. By Hartogs Theorem, it follows that there is a unique lift
of the action of Γ to this family of line bundle {Lσ}σ∈T over the family of moduli
spaces {Mσ}σ∈T parametrised by Teichmu¨ller space T .
2Following Freed (see [32]), we normalize this invariant inner product by requiring that the
closed 3-form − 1
6
〈θ ∧ [θ ∧ θ]〉 represents a primitive integral class in H3(G,R), where θ is the
Maurer-Cartan form.
QUANTUM INVARIANTS OF FINITE ORDER MAPPING TORI I. 9
Geometric quantization states that the Hilbert space which arises when one
wants to quantize M at level k (k ∈ N) is
Zˆσ = H
0(Mσ,L
k
σ).
We get this way an association of a vector space Zˆσ to each point σ ∈ T . The
following Theorem constitutes the main result in the geometric approach to the
Witten-Reshetikhin-Turaev quantum representations.
Theorem 2.1 (S.Axelrod, S. Della Pietra & Witten; N. Hitchin; G. Faltings).
The family of vector spaces Zˆσ, σ ∈ T forms a holomorphic vector bundle Zˆ over
T . There is a natural projectively flat mapping class group invariant connection in
the holomorphic bundle Zˆ over T .
Using techniques from conformal field theory and the theory of loop groups G.
Segal; Tsuchiya, Ueno & Yamada (see also [62]); A.A. Beilinson & D. Kazhdan;
A.A. Beilison & V. V. Schechtman; proved this Theorem in a slightly different
formulation, which by the work of Kumar, Narashimhan & Ramanathan [43] and
Beauville & Laszlo [21] is now known to be equivalent to the above stated Theorem.
As stated the Theorem was first proved in the G = SU(n)-case by S. Axelrod,
S. Della Pietra & Witten [14] and then by N. Hitchin [40] using more algebraic
geometric techniques. G. Faltings [32] has generalized N. Hitchin’s approach to the
generalG-case. For a pure differential geometric approach to the Hitchin connection
see also [9], [7] and [10].
The mapping class group equivariant cohomology class of the curvature of this
connection is known to be non-trivial (see e.g. [40] and [63]). Hence it is not
possible to “correct” this connection in a mapping class group invariant way so as
to obtain a flat connection.
In order to remedy this non-flatness, we need to tensor the bundle with a certain
fractional power of the determinant bundle over Teichmu¨ller space, which only a
central extension of the mapping class group acts on. It is this change which requires
us to introduce some extra structure called a rigging on the surface Σ. We refer the
reader to the paper [67], [60], [65] and [5] for a thorough explanation of this fact.
Let us now describe the category of closed oriented rigged surfaces. The following
description of this category is identical to the category of extended surfaces given
in K. Walkers paper [67], except there will be no piecewise-linear structures here
and all surfaces considered will be closed (see also the accounts by V. Turaev in
[64] and by P. Gilmer and G. Masbaum in [35]).
Definition 2.1. A rigged surface (Σ, L) is a pair consisting of a closed oriented
surface and a Lagrangian subspace L of H1(Σ,R).
Definition 2.2. A rigged morphism from a rigged surface (Σ1, L1) to a rigged
surface (Σ2, L2) is a pair (f, n), where f : Σ1 → Σ2 is an isotopy class of orientation
preserving diffeomorphisms and n is an integer.
We shall now define a composition of rigged morphisms. Suppose we have two
rigged morphisms (f1, n1) : (Σ1, L1)→ (Σ2, L2) and (f2, n2) : (Σ2, L2)→ (Σ3, L3).
We then define
(f2, n2)(f1, n1) = (f2f1, n2 + n1 + σ((f2f1)∗L1, (f2)∗L2, L3)),
where σ(·, ·, ·) is Wall’s signature cocycle for triples of Lagrangian subspaces. (See
[68] and also [67] Section 18.)
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Define the rigged mapping class group Γr to be the rigged automorphisms of a
rigged surface (Σ, L). The rigged mapping class group is a central extension of the
mapping class group of Σ. The corresponding extension 2-cocycle is the Shale-Weil
cocycle. (See Section 17 in [67].) In the next Section we shall see how the canonical
framing choice on 3-manifolds specified by Atiyah associates to each element of the
mapping class group a preferred element of the rigged mapping class group.
Recall the construction of the determinant line bundle LD over Teichmu¨ller space
T . For a point σ ∈ T we define
LD,σ = DetH
1(Σσ,O).
There is a natural lift of the action of Γ on T to an action on LD. As it is described
in [67] pp. 118-120, the rigged mapping class group Γr naturally acts on any real
power of the determinant line bundle LD. We refer the reader to this paper for the
explicit construction.
Having described the category of rigged surfaces let us move to the description
of the functor ZkG. As mentioned in the introduction, the functor Z
k
G is a functor
from the category of rigged surfaces to the category of finite dimensional complex
vector spaces. We refer to [67], [60] and [5] for the description of the axioms this
functor has to satisfy. We consider the vector bundle
Z = Zˆ ⊗ L
− 12 ζ
D
over Teichmu¨ller space. Here ζ is the so called central charge of the theory given
by
(3) ζ =
|G|k
k + h
,
where h is the dual Coxeter number of G, i.e the quadratic Casimir of the adjoint
representation of G. (See p.20 in [43] for a list of the value of h for all the simple
algebras.) The volume |G| is calculated with respect to the chosen bi-invariant
inner product on G.
If Zˆ is replaced by the sheaf of vacua in the above Definition of Z, one of the main
Theorems of [5] states that the resulting bundle has a natural rigged mapping class
group invariant connection, which is the tensor product of the TUY-connection in
the sheaf of vacua and a certain connection in L
− 12 ζ
D , which can be constructed
from abelian conformal field theory. By the Theorems of Kumar, Narashimhan &
Ramanathan [43] and Beauville & Laszlo [21] and Laszlo [44], we know that Zˆ with
its natural connection from Theorem 2.1 above is isomorphic to the sheaf of vacua
with its TUY-connection. Hence we conclude that Z has a natural rigged mapping
class group invariant flat connection over T . Since T is topologically an open cell
of dimension 6g − 6, we can simply make the following Definition.
Definition 2.3. The functor Z
(k)
G from the category of genus g rigged surfaces to
the category of finite dimensional complex vector spaces is defined by associating to
each rigged surface (Σ, L) the vector space Z
(k)
G (Σ) consisting of the global covariant
constant sections of Z over T .
In [5] we proved using the sheaf of vacua construction model and a number of
results of [63], that this gives a modular functor.
From this Definition it is clear that we get formula (2) stated in the introduction.
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3. Atiayh 2-framings of mapping tori and the rigged mapping class
group.
Following K. Walker we shall now describe how the Atiyah 2-framings of mapping
tori gives a set-theoretical section from Γ to Γr (see Chapter 1, “Extended 2- and
3- manifolds” p.7-13 and Chapter 17 “Central Extensions of mapping class groups”
and 18 “Non-additivity of the signature” in [67].). Let f ∈ Diff+(Σ) be arbitrary.
We need to choose a lift f˜ of f in the extended mapping class group of Σ.
Using 2-framings of 3-manifolds Atiyah defined in §3 of [13] a central extension
Γ̂ of the mapping class group Γ of Σ. We shall now give an explicit isomorphism Φ
from Γ̂ to Γr which makes the following diagram commutative
0 → Z → Γ̂ → Γ → 0
‖ ↓ Φ ‖
0 → Z → Γr → Γ → 0
Choose a Lagrangian subspace L ⊂ H1(Σ,R) such that there exists M †, a com-
pact 3-manifold with the properties that ∂M † = Σ and Im(H1(M †)→ H1(Σ)) = L.
Let M † ∪Id Σ× I ∪f (−M †) be the oriented closed 3-dimensional manifold one ob-
tains by performing the indicated glueing. (The notation −M † means M † with
the opposite orientation.) Let V be a compact 4-dimensional manifold such that
∂V =M †∪IdΣ×I∪f (−M †) and σ(V ) = 0. Here we (also) use σ to denote the signa-
ture of a 4-manifold. LetW =M †×I. We note that ∂W =M †∪IdΣ×I∪Id (−M †).
Identifying the copy of M † (resp. −M †) in ∂W with the copy of −M † (resp.
M †) in ∂V , we obtain a compact 4-manifold, denoted V ∪W , whose boundary is
∂(V ∪W ) ∼= Σf .
Σ× I
Id f
V
M † M
†
M † M †
Σ× I
W
Id Id
According to Wall’s signature Theorem in [68], we have that
σ(V ∪W ) = σL(f),
where we have used the notation
σL(f) = σ(L ⊕ L, graph(−f), graph(−id)).
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Suppose now α is a 2-framing of Σf , i.e. (Σf , α) ∈ Γ̂. We then define
Φ(Σf , α) = (f,
1
6
p1(2TW∪V , α)).
which gives a group homomorphism from Γ̂ to Γr that obviously makes the above
diagram commutative.
From the definition of Φ we see that the mapping torus Σf with its Atiyah
2-framing S(f) ∈ Γ̂ is by Φ : Γ̂→ Γr mapped to f˜ := (f, σL(f)) ∈ Γr.
4. Seifert invariants of finite order mapping tori.
The three manifold type of the mapping torus Σf is determined by the Nielsen-
Thurston type of the diffeomorphism f . We are here only interested in the diffeo-
morphisms which preserve a point in Teichmu¨ller space. This is of course equivalent
to requiring that the diffeomorphism f is of finite order. Since f is finite order, Σf
is a Seifert fibred 3-manifold. Let us here review how the Seifert invariants of Σf
are related to f . We refer to [51] for the definition of the Seifert invariants of a
Seifert fibred manifold. (See pp. 11-16, Theorem 3 p. 90 and Theorem 6 p. 97 in
[51].) Let σ ∈ T be a fixed point for f . We then have that f is an automorphism of
the Riemann surface Σσ. Let Σ˜ = Σ/f and let π : Σ→ Σ˜ be the projection. Then
Σ is an m-fold branched cover of the Riemann Surface Σ˜. The generic point p˜ ∈ Σ˜
has the property that #π−1(p˜) = m. Let {p˜1, . . . , p˜n} be the finite set of special
points on Σ˜ for which #π−1(p˜i) = mi < m. Assume that mi = 1 for i = 1, . . . , l
say (in the case f has no fixed points we set l = 0). Let pi ∈ π−1(p˜i). Then we
have that
π−1(p˜i) = {pi, f(pi), . . . , f
mi−1(pi)},
and fmi(pi) = pi. From this we see that mi|m. Let li be defined by mili = m.
Since fmi(pi) = pi there is a local coordinate ξi around pi such that
ξi ◦ f
mi = exp(2πi
ni
li
)ξi,
for some 0 < ni < li satisfying (ni, li) = 1. Let 0 < ki < li be given by kini = 1
mod li. This uniquely determines ki. The Seifert invariants in the notation of [51]
of the mapping torus Σf is (see p.90 in [51])
(b, g, (α1, β1), . . . , (αn, βn))(Σf ) = (−
n∑
i=1
li
ki
, g(Σ˜), (l1, k1), . . . , (ln, kn)),
and Σf is of type o1, i.e. ǫ = o1 (see p. 88 in [51]).
Definition 4.1. The orbifold Euler number of the Orbifold S1 bundle which consti-
tutes a Seifert fibred manifold M with the Seifert invariants (b, g, (α1, β1), . . . , (αn, βn))
is called the Seifert fibred Euler number and it is given by
e(M) = −(b+
n∑
i=1
βi
αi
).
Notice that the orbifold Euler number of Σf is
e(Σf ) = 0.
Let us now analyse which Seifert fibred manifolds are diffeomorphic to the map-
ping torus of some finite order diffeomorphism of a closed oriented surface. This
can be done by simply combining a few of the Theorems in [51] and [61].
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Theorem 4.1 (Orlik). A Seifert fibred manifold M of type o1 and with Seifert
invariants (b, g, (α1, β1), . . . , (αn, βn)) is diffeomorphic to the mapping torus of a
finite order diffeomorphism of a closed oriented surface iff
e(M) = 0.
Proof. The Theorem for Large Seifert fibred manifolds follow directly from Theorem
5.4(ii) p. 167 in [61] and Corollary 5 p. 122 in [51]. One then looks through the
list of small Seifert fibred manifolds of type o1 which fibres over the circle (p.124
[51]) and checks that the Theorem holds for these 4 cases too.
✷
A simple calculation shows that there are many Seifert fibred manifolds with e =
0. Let n pairs of integers (α1, β1), . . . , (αn, βn), such that (αi, βi) = 1 and 0 < βi <
αi be given. Then one can choose (αn+1, βn+1) such that there is a Seifert fibred
manifold with e = 0 and the Seifert invariants (b, g, (α1, β1), . . . , (αn+1, βn+1)) for
any non-negative integer g.
5. The framing correction.
We shall in this Section compute the framing correction Det(f)−
1
2 ζ , hence we
choose a Lagrangian subspace L ⊂ H1(Σ,R), calculate
σL(f) = σ(L⊕ L, graph(−f), graph(−id))
and then calculate f ’s action on L
− 12 ζ
D using L. Based on this we calculate the fram-
ing correction Det(f)−
1
2 ζ . Let us first choose L and calculate σL(f). Since f pre-
serves the complex structure σ, we just need to compute f ’s action onH0(Σσ,Ω
1) ∼=
H1(Σ,R). Since fm = 1, we know that there exists a complex basis (e1, . . . , eg) for
H0(Σσ,Ω
1) such that
fei = ωiei,
where each ωi is an m’th-root of unity. Choose
L = SpanR{e1, . . . , eg}
and notice that L is a Lagrangian subspace.
We now consider the symplectic vector space V = H1(Σ,R)⊕(−H1(Σ,R)). (The
minus sign indicates that we are considering the sum of the symplectic structure
on the first copy and minus the symplectic structure on the second copy.) Let
L1 = L⊕ L ⊂ V.
Define
L2 = {(x,−fx)|x ∈ H
1(Σ,R)}
and
L3 = {(x,−x)|x ∈ H
1(Σ,R)}.
If we have that ωi = ω
R
i + iω
I
i and we use the real basis (e1, ie1, . . . , eg, ieg), then
we get that
L1 = SpanR{(e1, 0), . . . , (eg, 0), (0, e1), . . . , (0, eg)},
L2 = SpanR{(e1,−ω
R
1 e1 − ω
I
1ie1), . . . , (eg,−ω
R
g eg − ω
I
g ieg),
(ie1, ω
I
1e1 − ω
R
1 ie1), . . . , (ieg, ω
I
geg − ω
R
g ieg)}
L3 = SpanR{(e1,−e1), . . . , (eg,−eg), (ie1,−ie1), . . . , (ieg,−ieg)}.
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Consider the following symplectic subspace of V
Wi = SpanR{(ei, 0), (iei, 0), (0, ei), (0, iei)},
and set Lij = Lj ∩Wi. We wish to decompose Wi into a direct sum of 2 symplectic
subspaces Wi = W
′
i ⊕W
′′
i , such that W
′
i ∩ L
i
j and W
′′
i ∩ L
i
j are Lagrangian. The
case ωRi 6= 1 will be considered first. Let
W ′i = SpanR{(ei, ei), (iei,−iei)}
and
W ′′i = SpanR{(ei,−ei), (iei, ω
I
i ei − ω
R
i iei)}.
We notice that Wi = W
′
i ⊕W
′′
i , and both W
′
i and W
′′
i are symplectic subspaces.
We get that
L1 ∩W
′
i = SpanR{(ei, ei)},
L2 ∩W
′
i = SpanR{(ω
R
i − 1)(ei, ei)− ω
I
i (iei,−iei)},
L3 ∩W
′
i = SpanR{(iei,−iei)}
and
L1 ∩W
′′
i = L3 ∩W
′′
i = SpanR{(ei,−ei)},
L2 ∩W
′′
i = SpanR{(iei, ω
I
i ei − ω
R
i iei)}.
The case ωRi = 1 is trivial since it gives L
i
2 = L
i
3. We can now calculate
σ(L1, L2, L3) =
g∑
i=1
σWi (L1 ∩Wi, L2 ∩Wi, L3 ∩Wi).
Because of coinciding subspaces σW ′′
i
(L1 ∩W ′′i , L2 ∩W
′′
i , L3 ∩W
′′
i ) = 0, so we just
need to calculate σW ′i (L
i
1∩W
′
i , L
i
2∩W
′
i , L
i
3∩W
′
i ). We note that ((ei, ei), (iei,−iei))
is a positive oriented basis for W ′i so
σW ′i (L
i
1, L
i
2, L
i
3) = −sign
ωRi − 1
ωIi
= sign Imωi.
Hence we get the formula
(4) σ(L ⊕ L, graph(−f), graph(−id)) =
g∑
i=1
sign Imωi.
Let us now calculate Det(f)−
1
2 ζ . From the expression of f ’s action on H0(Σσ,Ω
1)
we see that
Det(f) =
g∏
i=1
ωi
and
f(L) = SpanR{ωiei}.
Suppose that ωi = ±1, for i = 1, . . . , ι and that ωi 6= ±1, for i = ι+1, . . . , g. Then
let
f±i = ei 1 ≤ i ≤ ι
f±i = ±(
ωRi
ωIi
ei + iei) ι+ 1 ≤ i ≤ g.
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The basis (f±1 , . . . , f
±
g ) is a basis for f(L) satisfying the condition on p. 119 in
Chapter 16 in [67]. We then consider
P±t (L, f(L)) = SpanR{(1− t)ei + tf
±
i }.
Now notice that P±t (L, f(L)) is homotopic to P˜
±
t (L, f(L)) when we let
P˜±t (L, f(L)) = SpanR{ω
t,±
i ei},
where for t ∈ [0, 1]
ωt,±i =

1 ωi = ±1.{
exp(it logωi) ± = +
exp(it(−π + logωi)) ± = −
Imωi > 0{
exp(it logωi) ± = +
exp(it(π + logωi)) ± = −
Imωi < 0
Here logωi ∈ (−π, π). We then have that the path Det
2
(1−t)e+tf±(P
±
t (L, f(L))) is
homotopic rel. end points to Det2ωt,±e(P˜
±
t (L, f(L))). Clearly
Det2ωt,±e(P˜
±
t (L, f(L))) = (
g∏
i=1
ωt,±i )
2(e1 ∧ . . . ∧ eg)
2.
Let ω˜±i be the unique curve in C which projects under the exponential map
exp(i·) to (ωt,±i )
2 and starts in 0. Explicitly, we get for t ∈ [0, 1] that
ω˜t,±i =

1 ωi = ±1.{
2t logωi ± = +
2t(−π + logωi) ± = −
Imωi > 0{
2t logωi ± = +
2t(π + logωi) ± = −
Imωi < 0
By the description of the action of Γr on L˜D, we get that (f, n) acts on L˜D,σ by
(f, n)(p) = p+
 g∑
i=1
ωi 6=±1
2 logωi + π(−#{ωi|Imωi > 0}+#{ωi|Imωi < 0}+ n)

for p ∈ L˜D,σ. Here + refers to the action of C on L˜D,σ. From this expression, we
see that the correction term coming from the choice of the Atiyah 2-framing, i.e.
n = σL(f) =
g∑
i=1
sign Imωi,
cancels with the above multiple of π and we get the simple formula
Det(f)−
1
2 ζ =
g∏
i=1
ωi 6=±1
exp(−i
1
2
ζ logωi),
where logωi ∈ (−π, π) for ωi 6= ±1.
Let us now apply the Lefschetz fixed point formula to get an expression for the
framing correction in terms of the Seifert invariants of the mapping torus Σf . Since
the cyclic group 〈f〉 of orderm acts on H0(Σσ,Ω1), there is a unique decomposition
H0(Σσ,Ω
1) =
⊕
αm=1
Mα,
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where Mα is the α-eigenspace of f . Let dα = dimCMα, and denote by Tr(f
β) the
trace of fβ’s action on H0(Σσ,Ω
1). Note that Det(f)−
1
2 ζ only depends on the dα’s
since
Det(f)−
1
2 ζ =
∏
αm=1
α6=±1
α−
1
2 ζdα .
(This fractional power should be interpreted with respect to the above branch of
the logarithm.) One easily verifies that
dα =
1
m
m−1∑
β=0
Tr(fβ)α−β .
The Lefschetz-Riemann-Roch Theorem due to Atiyah & Bott now gives
1− Tr(fβ) =
l∑
j=1
(1− exp(2πi
njβ
m
))−1, β 6= 0 mod m
and by the very definition of the genus of a Riemann surface, we have
Tr(f0) = g.
From this we then get
dα =
1
m
− l∑
j=1
m−1∑
β=1
α−β
1− exp(2πi
njβ
m )
+ g +
m−1∑
β=1
α−β
 .
But since
m−1∑
β=0
α−β = 0
for α 6= 1, αm = 1, we see that
∑m−1
β=1 α
−β = −1. Define for αm = 1, and (n,m) = 1,
m > 1
µα(n) = −
m−1∑
β=1
α−β
1− exp(2πinβm )
.
We have the following elementary claim, which computes µα(n)
Claim 5.1. Let n ∈ Z be the unique integer determined by
α = exp(2πi
nn
m
), 0 ≤ n < m.
Then
µα(n) = n−
m− 1
2
.
One can prove this claim by an elementary calculus proof, by multiplying the
last term in the denominator of the expression for µα(n) by a free variable x say and
then examining the resulting function of x near x = 1, using the geometric series
expansion of the resulting function. We shall introduce the following notation for
later use
µim(n) = µe2pii
i
m
(n).
From the above calculation we get that
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Theorem 5.1. The framing correction term is given by
(5) Det(f)−
1
2 ζ =
∏
αm=1
α6=±1
α−
1
2 ζ
1
m (g−1+
∑l
j=1 µα(nj)).
This formula expresses the framing correction completely in terms of the Seifert
invariants of Σf and m.
Remark 5.1. When we specialize to the case where f has no fixed points, the
framing correction term given by (5) reduces to
Det(f)−
1
2 ζ =
∏
αm=1
α6=±1
α−
1
2 ζ(g(Σ˜)−1) = 1.
6. The fixed point set.
Recall that M denotes the moduli space of flat G-bundles over Σ. We want to
describe the fixed point set |M| ⊂ M for the finite order automorphism f of Σ.
We shall do this in the general case, where we are considering a semi-simple, simply
connected Lie group G. Let P be a principal G-bundle over Σ and G the gauge
group of P . Since the isomorphism classes of principal G-bundles are classified by
homotopy classes of maps from Σ to BG, which in this particular case are in 1-1
correspondence with H2(Σ, π1(G)) = {0}, we see that P is topological trivial.
Suppose A is a connection in P which represents a fixed point for f inM. Since
f∗P is isomorphic to P and [f∗A] = [A] in M, we know there is an isomorphism ψ
from P to f∗P such that ψf∗A = A. We notice that when we compose ψ with the
natural bundle map from f∗P to P covering f , we get a lift φ : P → P covering
f . Since fm = 1, we see that φm covers the identity and φmA = A, so φm ∈ ZA,
the stabilizer of A in G. From this we see that for any connection A representing a
fixed point in M, we get a lift φ such that φA = A, but we only get that φm ∈ ZA
and not necessarily that φm = 1.
We shall first concentrate on describing the part of the fixed point set, which is
contained in the subset of irreducible connections |M′| ⊂ M′. Recall that M′ is
by definition the subset consisting of equivalence classes of flat connections which
have stabilizer equal to the center Z(G).
Now consider the set L of lifts φ of f such that φm ∈ Z = Z(G). For each φ ∈ L
let A′φ be the space of flat irreducible connections in P invariant under φ and let
Gφ = {g ∈ G | [g, φ] ∈ Z}.
We observe that Gφ acts on A′φ. Moreover, if g ∈ G has the property that
g(A′φ) ∩ A
′
φ 6= ∅,
then g ∈ Gφ.
We have an action of Z × G on L given by
(z, g)(φ) = zgφg−1.
Let us denote the set of equivalence classes of lifts of f by ∆ = L/(Z × G). We
note that if (z, g)(φ1) = φ2, then g induces a bijection between A′φ1 and A
′
φ2
.
Suppose there exist a g ∈ G such that g(A′φ1) ∩ A
′
φ2
6= ∅. Then let Ai ∈ A′φi ,
i = 1, 2, such that gA1 = A2. Now we compute that
gφ1g
−1A2 = φ2A2,
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so there exists z ∈ Z such that
zgφ1g
−1 = φ2.
From the above discussion we conclude that
Lemma 6.1. We have the following description of the fixed point set inside the
moduli space of irreducible connections
|M′| =
∐
[φ]∈∆
A′φ/Gφ.
Let us define for δ ∈ ∆
|M′|δ = A
′
φ/Gφ ⊂ |M
′|,
for any φ ∈ L, which represents δ.
First we determine the finite set ∆ explicitly. Let C be the set of conjugacy
classes of G. We have a natural map
H : ∆→ {(z, c1, . . . cn) ∈ Z × C
n | clii = z}/Z
induced by mapping φ to (φm, φm1(p1), . . . , φ
mn(pn)). The action of Z is as follows
z′(z, c1, . . . , cn) = ((z
′)mz, (z′)m1c1, . . . , (z
′)mncn).
Proposition 6.1. The map H is a bijection.
Before we get into the proof of this Proposition, let us introduce the following
notation. Choose small embedded closed discs Di around each of the special points
pi, i = 1, . . . , n, and an embedded closed disc D0, such that f
j(Di), j = 0, . . . ,mi−
1, i = 0, . . . n are all disjoint (we set m0 = m). Let Σ
′ be the compliment of the
interior of all these discs. Let Σ˜′ = Σ′/〈f〉. The component of the boundary of
Σ˜′ which equals π(∂Di) we denote ∂i(Σ˜
′). We further let ∂0(Σ˜
′) = π(∂D0). Let
us denote by G¯ the factor group G/Z and by P¯ the Z quotient of P , i.e P¯ is the
trivial G¯-bundle over Σ. A lift φ of f to P induces a lift φ¯ to P¯ . We further use
the following notation for the restrictions
P ′ = P |Σ′ , P¯
′ = P¯ |Σ′ ,
and for the lifts
φ′ = φ|Σ′ , φ¯
′ = φ¯|Σ′ .
We define P¯ ′
φ¯′
= P¯ ′/〈φ¯′〉, which is a principal G¯-bundle over Σ˜′. We note that since
Σ˜′ is not closed, P¯ ′
φ¯′
is trivializable as a principal G¯-bundle over Σ˜′.
Proof. Let us first prove injectivity. Assume that we have lifts φi ∈ L such that
H(φ1) = H(φ2).
Let us denote the z′ ∈ Z the element which translates the conjugacy classes of φ2 to
those of φ1. There are unique maps ϕi : Σ→ G, such that φi(x, g) = (f(x), ϕi(x)g),
for all x ∈ Σ and g ∈ G. Let ϕ¯i : Σ → G¯ be the composite of ϕi and the project
from G to G¯. Choose trivializations
Ti : P¯
′
φ¯′i
|Σ˜′ → Σ˜
′ × G¯.
Fix isomorphisms
Ψ¯i : P¯
′ → π∗P¯ ′φ¯′i
.
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This way we get a commutative diagram
P¯ ′
Ψ¯i−−−−→ π∗P¯ ′
φ¯′i
π∗Ti−−−−→ P¯ ′
φ¯′i
y f×Idy yf×Id
P ′
Ψ¯i−−−−→ π∗P¯ ′
φ¯′i
π∗Ti−−−−→ P¯ ′
Let
Γ¯i = π
∗Ti ◦ Ψ¯i
and let γ¯i : Σ
′ → G¯ be such that Γ¯i(x, g¯) = (x, γ¯i(x)g¯). We get the relation
ϕ¯i|Σ′ = (γ¯i ◦ f)
−1γ¯i.
Since (ϕ¯i|Σ′)∗ : π1(Σ′)→ Z is trivial, we get that
(γ¯i)∗ ◦ f∗ = (γ¯i)∗ : π1(Σ
′)→ Z.
Let g¯′ = Γ¯−12 Γ1 : P¯
′ → P¯ ′ and γ¯′ : Σ′ → G¯ be given by
g¯′(x, g¯) = (x, γ¯′(x)g¯).
Then
(6)
P¯ ′
g¯′
−−−−→ P¯ ′
φ′1
y yφ′2
P¯ ′
g¯′
−−−−→ P¯ ′
We of course also have that
(γ¯′)∗ ◦ f∗ = (γ¯
′)∗ : π1(Σ
′)→ Z.
Since Σ′ → Σ˜′ is an unramified covering, we have a short exact sequence
1→ π1(Σ
′)→ π1(Σ˜
′)→ Zm → 1.
This gives rise to the following exact sequence in cohomology (see VII.6.4. in [Br])
0→ H1(Zm, Z)→ H
1(π1(Σ˜
′), Z)→ H1(π1(Σ
′), Z)π1(Σ˜
′) δ→ H2(Zm, Z).
So (γ¯′)∗ ∈ H1(π1(Σ′), Z)π1(Σ˜
′) as demonstrated above. The obstruction of ex-
tending (γ¯′)∗ to a homomorphism form π1(Σ˜
′) to Z is measured by the element
δ((γ¯′)∗) ∈ H
2(Zm, Z) ∼= Z/Z
m. To compute this element of H2(Zm, Z) we con-
sider a curve ǫ on Σ′, which connects a point, say ǫ0, and its image under f , say
ǫ1 = f(ǫ0). Choose a lift γ
′ : ǫ→ G of γ¯′ |ǫ: ǫ→ G¯ and let g′ be the corresponding
lift of g¯′ : P¯ ′ |ǫ→ P¯ ′ |ǫ to P ′ |ǫ. Then there exists z˜ ∈ Z such that
z˜φ′2g
′|ǫ0 = g
′φ′2|ǫ0 .
By abuse of notation, we will now denote z˜φ′2 by just φ
′
2. This does of course not
change the equivalence class of φ′2. We now extend g
′ to P ′|fj(ǫ), j = 1, . . . ,m− 1
by requiring that the diagram
P ′|ǫ
g′
−−−−→ P ′|ǫ
(φ′1)
j
y y(φ′2)j
P ′|fj(ǫ)
g′
−−−−→ P ′|fj(ǫ)
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is commutative. This defined γ′ :
∐m−1
j=0 f
j(ǫ)→ G such that γ′(f j(ǫ0)) = γ′(f j+1(ǫ0)),
j = 0, . . . ,m− 2, and there exists z′′ ∈ Z such that
z′′γ′(ǫ0) = γ
′(fm−1(ǫ1)).
By the construction of δ, we have that
δ((γ¯′)∗) = z
′′
under the isomorphism H2(Zm, Z) ∼= Z/Z
m. But
P ′|ǫ0
g′(ǫ0)
−−−−→ P ′|ǫ0
φ′1
y yφ′2
P ′|fm−1(ǫ1)
g′(fm−1(ǫ1))
−−−−−−−−→ P ′|fm−1(ǫ1)
hence
(z′)m =
(φ′1)
m
(φ′2)
m
=
γ′(fm−1(ǫ1))
γ′(fm−1(ǫ0))
= z′′.
Hence δ((γ¯′)∗) = 1 ∈ H2(Zm, Z). Thus we can extend (γ¯′)∗ to a homomorphism
from π1(Σ¯
′) to Z. This mean we can find g¯′′ ∈ G(Σ˜′×G¯) such that (g¯′′)∗◦π∗ = (γ¯′)∗.
Now redefine T2 to be g¯
′′ ◦ T2. The resulting new g¯
′ still has the property that the
diagram (6) commutes and its associated (γ¯′)∗ : π1(Σ
′) → Z is trivial, so we can
lift g¯′ to an element g′ ∈ G(P ′), such that
(7)
P ′
g′
−−−−→ P ′
φ′1
y yz′0φ′2
P ′
g′
−−−−→ P ′
commutes for some element z′0 ∈ Z.
From this we conclude that (z′0/z
′)m = 1. We observe now that by changing the
choice of g¯′′, such that (g¯′′)∗ takes a generator of π(Σ˜
′)/π∗(π1(Σ
′)) to z′0/z
′, then
we get a new g′ with the property that the z′0 that appears in (7) is equal to z
′.
We can therefore from now on assume this to be the case.
We will now extend g′ to an element g ∈ G, such that (7) continuous to be
commutative with P ′ replaced by P , φ′i replaced with φi and g
′ by g.
First we extend g′ over D0 in any way we like. Then we extend g
′ over f j(D0)
by the formula
g′(f j(x)) = z′ϕ2(f
j−1(x))g′(f j−1(x))ϕ1(f
j−1(x))−1.
From this we get that
g′(fm(x)) = (z′)m
(
m−1∏
i=0
ϕ2(f
m−1−i(x))
)
g′(x)
(
m−1∏
i=0
ϕ1(f
m−1−i(x))
)−1
= g′(x).
Hence g′ is now also defined and satisfies (7) on f j(D0), j = 0, . . . ,m− 1.
We observe that fmi(Di) = Di, hence we first consider the problem of extending
g′ over Di, such that the consequence of (7) holds over Di. We can find a complex
coordinate ξi on Di such that
fmi(ξi) = exp(2πi
ni
li
)ξi.
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Let 0 < ki < li be given by kini = 1 mod li. From the assumption that [φ
mi
1 (pi)] =
(z′)mi [φmi2 (pi)], we conclude thatmi−1∏
j=0
ϕ1(f
j(pi))
 =
(z′)mi mi−1∏
j=0
ϕ2(f
j(pi))
 .
Choose gi ∈ G such that
mi−1∏
j=0
ϕ1(f
j(pi)) = (z
′)mig−1i
mi−1∏
j=0
ϕ2(f
j(pi))gi.
Now choose a curve γi(t) ∈ G, t ∈ [0, 1] connecting gi and g′(ξ
−1
i (1)). Let Ii =
ξ−1i ([0, 1]) and define g
′ over Ii by the assignment g
′(ξ−1i (t)) = γi(t). We use (7)
to extend g′ to f jmi(Ii), j = 0, . . . , li − 1. This makes the extension consistent by
the choice of γi(0). Since G is simply connected, it is possible to extend g
′ over
ξ−1i ({re
iθ|0 ≤ r ≤ 1, 0 ≤ θ ≤ 2πli }). Now use the equation (7) to extend g
′ to the
rest of Di and to f
j(Di), j = 1, . . .mi. We have now extended g
′ to become an
element g ∈ G which solves the equation gφ1g−1 = z′0φ2 globally on Σ. Thus we
have proved that H is injective.
For the surjectivity of the map H , suppose we are given (z, c1, . . . cn) ∈ Z ×Cn.
Choose ϕ′ : Σ′ → G to be a constant map, such that ϕ′m = z. We will now extend
ϕ′ to a map ϕ : Σ→ G, such that φ(x, g) = (f(x), ϕ(x)g) is a lift of f and such that
H(φ) = (z, c1, . . . cn) ∈ Z×C
n. Choose ϕ(pi) ∈ ci, for i = 1, . . . n. Further for each
i = 1, . . . n, choose a curve g(t), t ∈ [0, 1] in G from ϕ(pi) to ϕ′, which is constant
near 0 and 1. Now define ϕ(f j(ξ−1i (t))) = g(t) for i = 1, . . . n and j = 0, . . .m− 2
and ϕ(fm−1(ξ−1i (t))) = zg(t)
(1−m) for i = 1, . . . n and for t ∈ [0, 1]. Now extend
ϕ to ξ−1i ({re
iθ|0 ≤ r ≤ 1, 0 ≤ θ ≤ 2πli }) for i = 1, . . . n in such a way that ϕ is
constant near the boundary. This is possible since G is simply connected. Further
extend ϕ by defining ϕ(f j(p)) = ϕ(p) for all p ∈ ξ−1i ({re
iθ |0 ≤ r ≤ 1, 0 ≤ θ ≤ 2πli })
for i = 1, . . . n and j = 1, . . .m− 2. Finally, we set
ϕ(fm−1(p)) = zϕ(p)m−1
for all p ∈ ξ−1i ({re
iθ|0 ≤ r ≤ 1, 0 ≤ θ ≤ 2πli }) for i = 1, . . . n. We have now
extended ϕ to all of Σ, such that it has the wanted properties.

From now on we will use H to identify ∆ with {(z, c1, . . . , cn) ∈ Z × Cn | c
li
i =
z}/Z.
Let us turn to the description of the subsets |M′|δ. Recall that ǫ denotes a curve
in Σ′ which connects two points related by f . It projects to a closed curve in Σ˜′,
which represents a generator, say [ǫ], of π1(Σ˜
′)/π∗(π1(Σ
′)) ∼= Zm.
Let
Z(c1,...,cn) = {ρ ∈ Hom(π1(Σ˜
′)/π∗(π1(Σ
′)), Z) | ρ([ǫ])−mici = ci, i = 1, . . . n}.
Evaluation on ǫ renders Z(c1,...,cn) a subgroup of Z. Let furtherM(Σ˜
′, c−k11 , . . . , c
−kn
n )
be the moduli space of flat G-connections on Σ˜′ with holonomy around ∂i(Σ˜
′) in
ckii , i = 1, . . . , n and trivial holonomy around ∂0(Σ˜
′). For each δ ∈ ∆ we choose an
element (z, c1, . . . , cn) ∈ {(z, c1, . . . , cn) ∈ Z × C
n | clii = z} representing H(δ) and
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we then define
Zδ = Z(c1,...cn)
and
c(δ) := (c−k11 , . . . c
−kn
n ).
Denote by M′′(Σ˜′, c(δ)) the space of flat G-connections in M′(Σ˜′, c(δ)) which re-
main irreducible when pulled back via π.
Theorem 6.1. Pull back with respect to π followed by pull back with respect to a
certain broken gauge transformation g constructed below, followed by extension to
all of Σ induces an isomorphism
|M′|δ ∼=M
′′(Σ˜′, c(δ))/Zδ.
Proof. First pick (z, c1, . . . , cn) representing a point in ∆ and further consider a lift
φ such that H(φ) = (z, c1, . . . , cn).
We consider the restriction map r : A′φ → A
′
φ(P
′)/Gφ(P ′) induced by the re-
striction to Σ′ ⊂ Σ. Suppose we have A1, A2 ∈ A′φ such that r(A1) = r(A2).
That means that r(A1) and r(A2) induces the same representation of π1(Σ
′) into G
modulo conjugation. But then they induce the same representation of π1(Σ) into
G modulo conjugation. Hence there exists g ∈ G(P ) such that g∗A1 = A2. From
this we see immediately that g ∈ Gφ. Furthermore the restriction map is of course
Gφ-invariant and we conclude that
r : |M′|δ → A
′
φ(P
′)/Gφ(P
′)
is injective.
By the above proof of Proposition 6.1, we observe that we can assume that
φ′ = f × ϕ over Σ′, where ϕ ∈ G solves the equation ϕm = z. Consider now a
map u : Σ′ → U(1) with the property that u(f(x)) = e
2pii
m u(x) for all x ∈ Σ′. Since
Σ′ → Σ˜′ is a cyclic cover, with 〈f〉 as its Galois group, it is easy to construct such
a map. We use u to define a broken gauge transformation g of P ′, which has a
discontinuity along u−1(1). First choose a curve ϕt ∈ G, t ∈ [0, 1] such that ϕt = 1
near t = 0 and φt = ϕ near t = 1. Now define h : U(1)→ G by
h(e
2pii
m
(j+t)) = ϕ−jϕ(t)−1, t ∈ [0, 1].
We observe that h has a discontinuity at 1 ∈ U(1), where it jumps multiplicatively
by z. Let g = h ◦ u. We observe that g acts on A(P ′) and it induces a bijection
g∗ : Aφ(P
′)→ Aφ′tr(P
′)
where φ′tr = f |Σ′ × Id. Also conjugation by g induces a bijection between Gφ′(P
′)
and Gφ′tr(P
′), which is compatible with the identification of Aφ′(P ′) and Aφ′tr(P
′)
via g∗. Let P ′φ′tr
= P ′/〈φ′tr〉, which is clearly a principal G-bundle over Σ˜
′. Let us
moreover denote by A′′(P ′φ′tr
) the space of flat G-connections in P ′φ′tr
which remain
irreducible when pull back to Σ′ via π. We then get the identification
π∗ : A′′(P ′φ′tr)
∼=
→ A′φ′tr(P
′)
via pull back to Σ′. Moreover, we get a short exact sequence of groups
1→ G(P ′φ′tr)→ Gφ
′
tr
(P ′)→ Hom(π1(Σ¯
′)/π∗(π1(Σ
′)), Z)→ 1,
where g′ ∈ Gφ′tr(P
′) gets maps to the homomorphism ρ given by ρ([ǫ]) = g′(ǫ1)/g
′(ǫ0).
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Recalling the notation from the proof of Proposition 6.1, we let q0i = ξ
−1
i (1) and
qi = f
miki(q0i ).
Suppose A ∈ A′φ(P
′). Let PTA(−,+) : P− → P+ denote parallel transport with
respect to A in P along the curves specified in the following figure.
pi q
0
i
qi = f
miki(q0i )
By the invariance of A under φ, we get the following commutative diagram
Ppi
φ−miki (pi)
← Ppi
Id
← Ppi
PTA(pi, q
0
i ) ↓ PTA(pi, qi) ↓ ↓ PTA(pi, q
0
i )
Pq0i
φ−miki (qi)
← Pqi
PTA(q
0
i ,qi)← Pq0i
hence
φ−miki(qi)PTA(q
0
i , qi) = PTA(pi, q
0
i )φ
−miki(pi)PTA(pi, q
0
i )
−1.
Now let A˜ be the unique connection in P ′φ′tr
such that g∗π∗(A˜) = r(A). Then
by the above formula, we see that the holonomy of A˜ around the i’th boundary
component of Σ˜′ is in the conjugacy class c−kii .
Suppose conversely, we have a connection A˜ in P ′φ′tr
which has holonomy around
∂i(Σ˜
′) in c−kii , i = 1, . . . , n and trivial holonomy around ∂0(Σ˜
′). Then we will
construct an A ∈ Aφ such that g∗π∗(A˜) = r(A). We consider A′ = g∗π∗(A˜)
and let h(i) be the parallel transport of A′ along ξ−1i (e
2πit), for t ∈ [0, 1/li]. Then
φ−miki(qi)h
(i) ∈ c−kii by definition. Pick p
(i) ∈ G such that p(i)φ−miki(pi)(p(i))−1 =
φ−miki(qi)h
(i). Choose a curve p
(i)
t from 1 ∈ G to p
(i), which is constant near
t = 0 and near t = 1. Pick A along ξ−1i ([0, 1]) such that p
(i)
t is covariant con-
stant. Then the parallel transport of A along ξ−1i ([0, 1]) is p
(i). We define A along
ξ−1i (e
2πi/ki [0, 1]) to be A = (φ−miki)∗A. Then we have the commutative diagram
Ppi
φ−miki (pi)
← Ppi
PTA(pi, q
0
i ) ↓ PTA(pi, qi) ↓
Pq0i
φ−miki (qi)
← Pqi
Now we compute
PTA(pi, qi)PTA(pi, q
0
i )
−1 = φmiki(qi)PTA(pi, q
0
i )φ
−miki(pi)PTA(pi, q
0
i )
−1
= PTA(q
0
i , qi).
But then we can simply extend A over the sector (pi, q
0
i , qi) such that A is trivial
near pi and such that near the boundary, it is a pull back of A, from the boundary of
the sector with respect to some smooth map onto the boundary. Now we extend A to
all the remaining sectors near pi, f(pi), . . . f
mi−1(pi) by requiring invariance under
φ. Doing this for all i = 1, . . . , n and on π−1(D0) in a φ-invariant way, gives A ∈ Aφ
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such that g∗π∗(A˜) = r(A) as required. The Theorem now follows by observing that
the subgroup of Gφtr(P
′) which maps r(Aφ) to itself consists exactly of the gauge
transformations g′ ∈ Gφtr(P
′) such that (g′(ǫ1)/g
′(ǫ0))
mikickii = c
ki
i . 
Let us use the notation |M|δ for the subset of |M| which can be represented
by a lift which represents δ ∈ ∆ and πˇ : M′′(Σ˜′, c(δ))/Zδ → |M|δ for the map
constructed in the proof of Theorem 6.1.
Proposition 6.2. We have that the map
πˇ :M(Σ˜′, c(δ))/Zδ → |M|δ.
is surjective and injective on the subset M′′(Σ˜′, c(δ))/Zδ. In particular if |M|δ ⊂
M′ then πˇ is an isomorphism onto the component |M|δ.
Remark 6.1. We notice that the map πˇ is holomorphic with respect to the complex
structure induced on |M|δ from σ and the complex structure induced onM(Σ˜′, c(δ))
by Σ˜σ ∼= Σσ/〈f〉. The moduli space M(Σ˜′, c(δ)) with this complex structure is
denote Mσ(Σ˜′, c(δ)).
Remark 6.2. Let ω(c(δ)) be the natural symplectic structure on M′(Σ˜′, c(δ)) and
ωδ = ω||M′|δ . It is easy to verify that
ωδ = mπˇ
∗(ω(c(δ))).
Remark 6.3. In the special case where f has no special orbits, i.e. Σ → Σ˜ is a
principal Zm bundle, we get that
∆ = Z/Z,
where z′ ∈ Z acts on Z by z 7→ (z′)mz and for each δ ∈ ∆, we have that Zδ = Zm,
where
Zm = {z ∈ Z | z
m = 1}.
Further
πˇ :M(Σ˜)/Zm → |M|δ
is a surjection.
Let us now concentrate on the part of the fixed point set of f which is contained
in the reducible locus of M. Let A be a connection representing a point in |M|.
From our earlier discussion, we know there is a lift φ of f such that φA = A and
φm ∈ ZA. Note that any other such lift is of the form φg where g ∈ ZA. Let C
be the set of connected components of |M| and for each c ∈ C let |M|c be the
corresponding component subset of |M|. We note of course that there is a map
from ∆ to C, by mapping δ ∈ ∆ to the component of |M| which contains |M′|δ.
It induces an equivalence relation ∼ defined by δ1 ∼ δ2 if and only if |M′|δ1 and
|M′|δ2 are contained in the same component of |M|. We can in general not expect
that ∼ is trivial, since an element g ∈ ZA may map a lift representing say δ1 ∈ ∆
to another lift which represents a different element say δ2 ∈ ∆, which would mean
that |M|δ1 and |M|δ2 intersect in the reducible locus of M. This reflects the fact
that ∆ indexes some of the irreducible components of |M|, whereas C indexes the
connected components.
Observe that the map from ∆ to C is surjective iff |M| = |M′|. In order to
establish that
⋃
δ∈∆ |M|δ equals |M|, we just need to show the following: For any
A ∈ AP and for any lift φ of f , such that φ
m ∈ ZA, we can choose g ∈ ZA such
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that (φg)m ∈ Z. – The map ZA → ZA given by g → (φg)m is a covering map,
since its derivative is a composition of isomorphisms. To ensure that we can find a
g ∈ ZA such that (φg)m ∈ Z, it suffices to prove that ZA/Z is connected. Since the
stabilizer of A is the centralizer of the holonomy group of A, we obtain the desired
description of |M| for G = SU(N) by proving the following Proposition.
Proposition 6.3. The group Z(H)/Z is connected for all Lie-subgroups H ⊂
SU(N).
Remark 6.4. If we replace SU(N) by say SO(N) this Proposition is false.
Proof. We think of the inclusion ρ : H → SU(N) ⊂ U(N) as a representation of
H . We know that we can write ρ as a direct sum of irreducible representations
ρ =
r⊕
i=1
ρi.
The automorphism group of the representation ρ, as a unitary representation is
now very easy to describe. The automorphism group of ρi is by Schur’s Lemma C
∗.
Assume that we have ordered the representations such that there exists i1, . . . , iu ∈
{1, . . . , r} :
ρi = ρj iff ∃l : il ≤ i, j < il+1.
Let nj = ij+1 − ij , and mj = dim ρj. Note that N =
∑u
j=1 njmj .
An automorphism of ρ has to respect the decomposition of ρ. From this we see
that the centralizer of ρ(H) in U(N) is isomorphic to
u∏
j=1
U(nj).
Hence we get the following expression
Z(H) ∼= d−1(1),
where
d :
u∏
j=1
U(nj)→ U(1),
is given by
d(A1, . . . , Au) =
u∏
i=1
det(Ai)
mj .
Notice that d is a principal Z(H) bundle. Therefore we also have that
∏u
j=1 U(nj)/Z →
U(1) is a principal Z(H)/Z-bundle. Clearly
∏u
j=1 U(nj)/Z is connected, so by the
long exact sequence of homotopy groups for the principal bundle
∏u
j=1 U(nj)/Z →
U(1) we just need to lift a representative of a generator of π1(U(1)) to a curve
in
∏u
j=1 U(nj)/Z such that it starts in 1 ∈
∏u
j=1 U(nj)/Z and ends in Z ⊂∏u
j=1 U(nj)/Z. If Ai(t) = exp(2πi
t
n )I then
d(A1(t), . . . , Au(t)) =
u∏
i=1
exp(2πi
nimj
n
t) = exp(2πit),
so (A1(t), . . . , Au(t)) is exactly such a curve, hence the Proposition is proved.
✷
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We collect the result for G = SU(N) in the following
Theorem 6.2. For G = SU(N) we have the following decomposition of |M| into
irreducible components:
|M| =
⋃
δ∈∆
|M|δ,
where ∆ = {(z, c1, . . . cn) ∈ Z × Cn | c
li
i = z}/Z,
πˇ :M(Σ˜′, c(δ))/Zδ → |M|δ,
is the surjection defined just above Proposition 6.2 and c(δ) and Zδ are defined just
above Theorem 6.1. This map is holomorphic with respect to the natural complex
structures induced by σ. The map πˇ is injective on the subset M′′(Σ˜′, c(δ))/Zδ. In
particular if |M|δ ⊂M
′ then πˇ is an isomorphism onto the component |M|δ.
In [3] J. Grove, joint with this author, investigated the fixed point set for an
automorphism of a Riemann surface acting on the moduli space of rank two semi-
stable holomorphic bundles with fixed determinant. If we choose G = SU(2), we
see that the above description of the fixed point set is equivalent to the description
of the fixed points given in Theorem 3.4 in [3]. In that paper we further describe
the fibers of πˇ over |M|δ − |M′|δ in the rank two case using algebraic geometric
techniques.
7. The moduli space of flat connections on a mapping torus.
In this Section we shall examine the relation between the moduli space of flat
G-connections on Σf , denotedM(Σf ) and the fixed point set |M|. In the first part
of this Section we have no assumptions on the diffeomorphism f , except it has to
be orientation preserving. It is obvious from the construction of Σf that
π1(Σf ) = 〈π1(Σ), γ | ∀α ∈ π1(Σ) : γ
−1αγ = fα〉.
There is a natural map
r :M(Σf )→ |M|,
given by restricting a flat connection on Σf to Σ × {0}. Recall that M(Σf )
c =
r−1(|M|c), hence M(Σf )c is a union of components which map to the component
|M|c.
Suppose [ρ] ∈ |M|. We then have that there exists g ∈ G such that g−1ρg = f(ρ).
Note that g ∈ N(ρ(π1(Σ))). We want to compute r−1([ρ]). Suppose [ρ˜] ∈ r−1([ρ]).
We may assume that ρ˜ is such that ρ˜|π1 = ρ. We then have that
ρ˜(γ)ρρ˜(γ)−1 = f(ρ),
so
ρ˜(γ)g−1 ∈ Zρ.
Hence we see that ρ˜(γ) ∈ Zρg parametrizes the different homomorphisms ρ˜ :
π1(Σf )→ G such that ρ˜|π1 = ρ.
Suppose that ρ˜i are two such representations of π1(Σf ) which are conjugate, say
g˜ρ˜1g˜
−1 = ρ˜2. Then g˜ ∈ Zρ. If ρ˜1(γ) = zg, then we have that ρ˜2(γ) = g˜zgg˜−1. Since
gg˜−1g−1 ∈ Zρ we see that ρ˜2(γ) ∈ Zρg.
We conclude that
r−1([ρ]) ∼= Zρg/Zρ,
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where Zρ acts on Zρg by conjugation. In the generic case, when Zρ = Z(G), we
thus see that r−1([ρ]) ∼= Z(G). So from this we see that r is a |Z(G)|-sheeted cover
over |M′|, but it has singularities over the reducible part of |M|.
From this we see that if |M|c is a component of |M| contained in M′, then
r−1(|M|c) is a union of smooth components of M(Σf ) which together form a
|Z(G)|-fold cover of |M|c.
Let Cf be the set of connected components of M(Σf ). The map r induces a
map r : Cf → C. For SU(N), we have seen that Zρ/Z is connected (see Prop.
6.3), so |r−1(c)| ≤ |Z| for all c ∈ C.
Let [ρ] ∈ |M|. From the discussion in the beginning of the previous Section, we
know that there is a lift φ of f to P and a connection A in P invariant under φ
such that [A] = [ρ]. Let Pφ be the mapping torus of φ. Then A induces naturally a
flat connection in Pφ, which we denote Aφ. By standard theory any flat connection
in a principal G-bundle over Σf is equivalent to some Aφ for some A and some φ.
Hence we can represent all [ρ˜] ∈ r−1([ρ]) this way.
Recall that we have a natural action of f on L covering f ’s action on M. Since
[A] ∈ |M|, we see that f : Lk[A] → L
k
[A]. The following Lemma gives a formula for
the trace of f ’s action on Lk[A].
Lemma 7.1. We have that
Tr(f : Lk([A])→ Lk([A])) = exp(2πikCS(Pφ, Aφ)).
Remark 7.1. From the formula, we see that CS(Pφ, Aφ) mod Z only depends on
r(Aφ) and therefore is constant on r
−1(|M|c). We therefore use the notation
CS(Σf , c) = CS(Pφ, Aφ)
whenever r(Aφ) ∈ |M|c.
Proof. This formula follows directly from Theorem 2.19 in [32].
✷
Using a standard Mayer-Vietoris argument, we obtain the formula
(8) dimRE1(φ, 1) = dimRH
1(Σf , dAφ)− dimRH
0(Σf , dAφ),
where E1(φ, 1) is the 1-eigenspace of φ on H
1(Σ, dA). Assume again that f is of
finite order. We get this way a formula for the local dimension of |M| around [ρ]
which of course is equal to dimRE1(φ, 1). Let us record this observation in the
following Lemma.
Lemma 7.2. Let
(9) dc = max
[A]∈M(Σf )c
1
2
(dimRH
1(Σf , dA)− dimRH
0(Σf , dA)),
where max means the generic maximum, i.e. the maximum value taken on a Zariski
open subset of M(Σf)c. If f is of finite order, we then have that
dc = dimC |M(Σ)|
c.
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8. Localization of the Witten invariant.
In this Section we are going to apply the Lefschetz-Riemann-Roch formula for
singular varieties due to Baum, Fulton, McPherson and Quart to give an expression
for the Witten invariant of any finite order mapping torus. See [18] and [19] for the
general statement of their Theorem.
In order to apply the Lefschetz-Riemann-Roch formula, we have to determine the
trace of f ’s action on the higher cohomology groups of Lkσ overMσ. The following
well-known Theorem takes care of that problem.
Theorem 8.1.
Hi(Mσ,L
k
σ) = 0 for i > 0.
Proof. This fact follows from Kodaira vanishing which is applicable since Mσ has
rational singularities and the fact that the canonical bundle is negative (Theorem
F. in [30]).
✷
Theorem 8.2. We have the following expression for the Witten invariant of the
mapping torus Σf calculated with respect to the Atiyah 2-framing of Σf .
Z
(k)
G (Σf ) = Det(f)
− 12 ζ
∑
c∈C
exp(2πikCS(Σf , c)) exp(kωc) ∩ τ·(L
c
· (OMσ ))
= Det(f)−
1
2 ζ
∑
c∈C
exp(2πikCS(Σf , c))
dc∑
i=0
1
i!
((ωc)
i ∩ τi(L
c
· (OMσ )))k
i(10)
Here ωc is the restriction of c1(L) to |Mσ|c, τ·(Lc· (OMσ )) ∈ H·(|Mσ|
c,C) is the
homology class defined in the Theorem on page 180 in [18] and in §2 in [19], dc is
given by (9), C is the set of connected components of |Mσ|, which was described
explicitly in chapter 6. The framing correction term Det(f)−
1
2 ζ is given by (5).
Proof. Recall that we are using the following notation for the component decom-
position of the fixed point set of f on Mσ
|Mσ| =
⋃
c∈C
|Mσ|
c.
Following the notation of [18] and [19] we denote the Grothendieck group of all
equivariant coherent sheaves on Mσ by K
eq
0 (Mσ) and Grothendieck group of all
coherent sheaves on |Mσ|c by K
alg
0 (|Mσ|
c). Let
Lc· : K
eq
0 (Mσ)→ K
alg
0 (|Mσ|
c)⊗ C
be the localizing homomorphism defined in §2 in [19], and
τ· : K
alg
0 (|Mσ|
c)→ H·(|Mσ|
c)
the homomorphism defined in the Theorem on page 180 in [18]. The Lefschetz-
Riemann-Roch formula of Baum, Fulton, McPherson and Quart then states that
Tr(f : H0(Mσ,L
k
σ)→ H
0(Mσ,L
k
σ)) =
∑
c∈C
akcch(L
k
σ||Mσ |c) ∩ τ·(L
c
· (OMσ ))
where ac is the complex number by which f acts on Lσ||Mσ |c . As we computed in
Lemma 7.1,
ac = exp(2πiCS(Σf , c)).
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Clearly
ch(Lkσ||Mσ |c) = exp(kωc).
Hence we arrive at the expression (10).
✷
Let us now study the perturbative contribution from the smooth components of
the fixed point set. A component |Mσ|
c which is contained in the irreducible part
of Mσ is smooth and |Mσ|c = |Mσ|δ for a unique δ ∈ ∆. We get (see Theorem
2.2, 5. in [19])
Pc(k)(11)
= exp(kωc) ∩ τ·(L
c
· (OMσ ))k
−dc
= (exp(kωc) ∪Ch
·(λc−1Mσ)
−1 ∪Td(Tc)) ∩ [|Mσ|
c]k−dc .
where we have used the notation Tc = T|Mσ|c for the holomorphic tangent bundle
of |Mσ|c and (λc−1Mσ)
−1 ∈ K0alg(|Mσ|
c) ⊗ C is defined in §0.5 in [19]. Let us
briefly recall the definition here. Denote by N the holomorphic conormal bundle
to |Mσ|
c ⊂M′σ, i.e.
N = (i∗c(TM
′
σ)/Tc)
∗
,
where ic : |Mσ|
c → M′σ is the inclusion map. Let λ−1(N ) =
∑
(−1)iΛi(N ).
Then λ−1(N ) determines an element in K0Zm(|Mσ|
c), the Grothendieck group of
Zm-linearized locally free sheaves on |Mσ|
c. There is a map from K0
Zm
(|Mσ|
c) to
K0alg(|Mσ|
c)⊗Z[C], which is induced by mapping a Zm-linearized locally free sheaf
F to
∑
Fa⊗a, where Fa is the eigen-subsheaf of F corresponding to the eigenvalue
a. By composing this map with the standard C-value trace on Z[C], we get a map
to K0alg(|Mσ|
c) ⊗ C. The element (λc−1Mσ)
−1 ∈ K0alg(|Mσ|
c) ⊗ C is by definition
the inverse of the image of λ−1(N ) under this composition of maps.
Since |Mσ|c = |Mσ|δ ⊂M′, we get from Proposition 6.2 that
|Mσ|
c ∼=Mσ(Σ˜
′, c(δ))/Zδ
and ωc gets identified with the symplectic structure mω(c(δ)) on Mσ(Σ˜′, c(δ))/Zδ
by Remark 6.2. We will in this case use the notation ωc = ω(c(δ)).
We will now express Ch·(λc−1Mσ)
−1 in terms of known generators for the coho-
mology of Mσ(Σ˜′, c(δ)). Since it is known how to express Td(Tc) in terms of these
generators, we get from this an explicit formula for the contribution to the Witten-
Reshetikhin-Turaev invariant from Mσ(Σf )c expressed in terms of an evaluation
of combinations of the known generators for the cohomology ring of Mσ(Σ˜′, c(δ)).
Let Hc ⊂ Hom(π1(Σ), G) be the subset of homomorphisms which projects to
|Mσ|c. We will now completely explicitly construct a universal adjoint bundle E
over |Mσ|c × Σ. Choose a universal cover Π : D → Σ and a lift fD : D → D of f .
Now define an action of π1(Σ)×G× Zm on Hc ×D × gC as follows
(γ, g, i)(ρ, x,X) = (gh−iρ ρh
i
ρg
−1, f iD(x)γ, gh
−i
ρ ρ(γ)
−1X),
for all (ρ, x,X) ∈ Hc ×D × gC, where hρ ∈ G is uniquely determined by ρ ◦ f∗ =
h−1ρ ρhρ. Then
E = Hc ×D × g/π1(Σ)×G
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is the universal adjoint bundle over |Mσ|c × Σ equipped with an action of Zm
covering the action of Id×〈f〉 on |Mσ|c ×Σ. Using the complex structure σ on Σ,
we naturally get induced the structure of a holomorphic bundle on E.
Let p be the projection
p : |Mσ|
c × Σ→ |Mσ|
c.
We have that
p∗(E) = −i
∗
c(TMσ) ∈ K
0
Zm
(|Mσ|
c).
According to the Nielsen localization Theorem (see Theorem 4.5 of [50], which is
the analogue of Quart’s localization Theorem in [53], but for the K-theory K0
Zm
(·)),
the following diagram is commutative
K0
Zm
(|Mσ|c × Σ)⊗R(Zm) Λ
L·−−−−→ K0alg(|Mσ|
c × |Σ|)⊗ Λ
p∗
y yp∗
K0
Zm
(|Mσ|c)⊗R(Zm) Λ
L·−−−−→
∼=
K0alg(|Mσ|
c)⊗ Λ.
Here L· is the localization morphism as defined in [50], R(Zm) is the representation
ring of Zm, which of course is R(Zm) = Z[x]/(x
m − 1) and Λ is the localization
of R(Zm) at the multiplicative set generated by (1 − xi), i = 1, . . . ,m − 1 and
|Σ| = {p1, . . . , pl} is the fixed point set of f on Σ. Therefore we get the following
equality in Kalg0 (|Mσ|
c)⊗ Λ:
L·(i
∗
c(TMσ )) = −
∑
p∈|Σ|
L·(Ep)⊗ λ−1(T
∗
pΣ)
−1
= −
l∑
s=1
L·(Eps)(1 − x
ns)−1.
From the explicit construction of E as an f -linearized bundle we get for each
fixed point ps ∈ Σ of f a specific automorphism of Eps whose m’th power is the
identity. We have that E∗ps ∈ K
0
Zm
(|Mσ|c) so
L·(E
∗
ps) =
m−1∑
ν=0
Eνps ⊗ x
ν ,
where Eνps is the e
2πi ν
m -eigen subbundle of E∗ps .
Note that i∗c(TMσ) = Tc ⊕N
∗ in K0
Zm
(|Mσ|c).
Lemma 8.1. We have the following formula for N in K0
Zm
(|Mσ|c) ∼= K0alg(|Mσ|
c)⊗
R(Zm)
N =
m−1∑
j=1
T ∗c ⊗ x
j −
m−1∑
j=0
{
1
m
l∑
s=1
m−1∑
ν=0
Eνps ⊗ (µ
−ν
m (ns)− µ
j−ν
m (ns))
}
⊗ xj .
Proof. Consider the following homomorphism
Tri : R(Zm)→ C, i = 0, . . . ,m− 1
given by
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Tri(
m−1∑
j=0
njx
j) =
m−1∑
j=0
nje
2πi ij
m .
Let ϕ : R(Zm) → Λ be the universal map. Then by universality Tri : Λ → C is
well-defined for i = 1, . . . ,m− 1 such that Tri(p) = Tri(ϕ(p)) for all p ∈ R(Zm). It
is easy to verify the following formula for any p ∈ R(Zm)
p =
m−1∑
j=0
(
1
m
m−1∑
i=0
Tri(p)e
−2πi ij
m
)
xj
=
m−1∑
j=0
1
m
(
Tr0(p) +
m−1∑
i=1
Tri(p)e
−2πi ij
m
)
xj .
Now N ∈ K0
Zm
(|Mσ|
c) ∼= K0alg(|Mσ|
c)⊗R(Zm) and say N =
∑m−1
i=1 Ni, where Ni
is the e2πi
i
m -eigen-subbundle of N . So it is trivial to verify that
N =
m−1∑
j=0
(
1
m
m−1∑
i=1
Tri(L·(N ))(e
−2πi ij
m − 1)
)
⊗ xj ,
where Tri : K
0
alg(|Mσ|
c)⊗R(Zm)→ K
0
alg(|Mσ|
c)⊗C is just 1⊗Tri. Substituting
our expression for L·(N ) into this formula, we arrive at the formula stated in the
Lemma.
✷
We have the following general facts.
K0Zm(|Mσ|
c) ∼= R(Zm)⊕ K˜
0
Zm
(|Mσ|
c)
and the augmentation ideal K˜0
Zm
(|Mσ|
c) is nilpotent. Hence it is clear, that the
units in K0
Zm
(|Mσ|c) are precisely, the elements a whose augmentation Rank(a) is
invertible in R(Zm). Let us use the following notation a˜ = a− Rank(a). For all a,
such that Rank(a) is invertible, we have that
λt(a)
−1 = λt(Rank(a))
−1s−t(a˜),
where
λt(a) =
∑
j
tjλj(a), st(a) =
∑
j
tjSj(a).
and Sj denotes the j’th symmetric product. Furthermore, we have for any a, b ∈
K0alg(|Mσ|
c) that
λt(a− b)
−1 = λt(b)s−t(a),
If Rank(Ni) = ri, we have that
λ−1(Rank(N ))
−1 =
m−1∏
i=1
(1− xi)−ri .
Combining the above formulae, we get the following Proposition.
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Proposition 8.1. As an element in λc−1(Mσ)
−1 ∈ K0alg(|Mσ|
c)⊗R(Zm) we have
that
(λc−1Mσ)
−1 =
m−1∏
i=1
(1− xi)−ri
∑
i1,j1
Si1
m−1∑
j=1
T˜ ∗c ⊗ x
j

(−1)j1λj1
m−1∑
j=0
{
1
m
l∑
s=1
m−1∑
ν=0
E˜νps ⊗ (µ
−ν
m (ns)− µ
j−ν
m (ns))
}
⊗ xj
(12)
=
m−1∏
i=1
(1− xi)−ri
m−1∑
i=0

∑
1(i1+j1)...+(m−1)(im−1+jm−1)
= i mod m
m−1∏
q=1
Siq (T˜ ∗c )
(−1)jqλjq
(
1
m
l∑
s=1
m−1∑
ν=0
E˜νps ⊗ (µ
−ν
m (ns)− µ
q−ν
m (ns))
)}
⊗ xi.
By identifying the fibre of Eps at any point in |Mσ|
c with gC, our constructed
lift of Id × f will induce an automorphism of the form Ad(g) : gC → gC for some
g ∈ c−kss . Thus the eigenspace splitting of Eps is identified with the eigenspace
decomposition of gC under Ad(g).
Let us describe how Rank(Eνps) can be expressed in terms of c1, . . . cl. Let T be
a maximal torus through g in G. Let R be the set of roots of G. We then have the
usual decomposition
gC = tC ⊕
⊕
α∈R
gαC.
Here tC is the Cartan subalgebra corresponding to T and g
α
C
is the root-subspace
of gC corresponding to α ∈ R. With respect to this decomposition g acts trivially
on tC and it multiplies by exp(2πiα(c
−ks
s )) on g
α
C
.
If we now let
Ris =
{
α ∈ R| exp(2πiα(c−kss )) = e
2πi i
m
}
,
we get that
R =
m−1⋃
i=0
Ris,
and Rank(Eips) = 2#R
i
s for all i 6= 0 mod m. Moreover, Rank(E
0
ps) = 2#R
0
s +
RankG. We shall use the following notation 2#Ris = r
i
s.
Let us compute the ranks ri defined above. Let A be a flat connection in P
invariant under the explicit lift φ of f representing δ, such that [A] ∈ |Mσ|
c. We
then have that the cyclic group 〈f〉 of order m acts on T[A]Mσ ∼= H
0,1(Σ, ∂A),
where ∂A is the ∂-operator on the complexified adjoint bundle and we have a
unique decomposition
H0,1(Σ, ∂A) =
m−1⊕
i=0
Vi,
where Vi is the e
2πi i
m -eigenspace of f .
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We have that ri = dimC Vi. As we have seen before,
ri =
1
m
m−1∑
β=0
Tr(fβ)e−2πi
iβ
m .
By the Lefschetz fixed point Theorem, we have
Tr(fβ) =
l∑
s=1
Tr(φβ(ps))(1 − exp(2πi
nsβ
m
))−1
=
l∑
s=1
(
RankG+ 2
∑
α∈R
exp(2πiβα(c−kss ))
)
(1− exp(2πi
nsβ
m
))−1
for β 6= 0 mod m and
Tr(f0) = dimG(g − 1).
So we get that
ri =
1
m
− l∑
s=1
m−1∑
β=1
(
RankG+ 2
∑
α∈R
exp(2πiβα(c−kss ))
)
e−2πi
iβ
m
(1− exp(2πinsβm ))
+ dimG(g − 1)

=
1
m
 l∑
s=1
µim(ns)RankG+ m−1∑
j=1
rjsµ
i−j
m (ns)
+ dimG(g − 1)
 .
Implementing the formula we now have for (λc−1Mσ)
−1 into (12) we get
Theorem 8.3. We have the following formula for the perturbative contribution
from M(Σf )c (when it is smooth)
(13) Pc(k) =
k−dc
|Zδ|
m−1∏
i=1
(1− e2πi
i
m )−ri exp(kmωc) ∪ λ−1c ∪ Td(Tc) ∩ [M(Σ˜
′, c(δ))].
where
λ−1c =
m−1∑
i=0

∑
1(i1+j1)...+(m−1)(im−1+jm−1)
= i mod m
m−1⋃
q=1
(−1)jqCh·(Siq (T˜ ∗c )) ∪
Ch·λjq
(
1
m
l∑
s=1
m−1∑
ν=0
E˜νps ⊗ (µ
ν
m(ns)− µ
q−ν
m (ns))
)}
e2πi
i
m
and
ri =
1
m
 l∑
s=1
µim(ns)RankG+ m−1∑
j=1
rjsµ
i−j
m (ns)
 + dimG(g − 1)
 .
Hence we see that the total contribution from the smooth component M(Σf )
c to the
invariant of Σf only depends on m, the Seifert invariants of Σf and c.
Remark 8.1. In [11] we use this formula to get an expression for the contribution
from a smooth component M(Σf )
c to the leading order term of the perturbation
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expansion of Z
(k)
G (Σf ). We see that the level shift k 7→ k + h in the leading order
term comes from the term (λc−1Mσ)
−1 and from the relation
Td(Tc) = e
1
2 c1(|Mσ |
c)Aˆ(|M|c).
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